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1. Introduction 
 

The main purpose of workflow management systems 
(WFMSs) [15] is to support the definition, execution 
and control of workflow processes. A workflow 
process defines a set of activities and the specific order 
they are to be executed to achieve a common goal. 
During the execution of a business process, an activity 
can be executed multiple times, once or never; 
decisions on alternative routings, (i.e. choices between 
the execution of alternative activities) have to be made; 
human (e.g. employee) and/or non-human (e.g., device, 
software, hardware) shared resources needed for the 
execution of activities have to be granted and some 
temporal constraints or performance parameters have 
to be met. Approving loans, processing insurance 
claims, billing, processing tax declaration, hospital 
process are some typical workflow often supported by 
WFMSs. Contemporary WFMSs provide only 
simulation tools for validating workflow models, in 
particular they do not allow to check the correctness of 
a workflow.  
 
Dealing with control flow of workflow processes under 
temporal constraints and resource allocation leads to a 
more complex workflow models and make crucial the 
need of suitable techniques and tools for their 
verification and validation. In this paper, we tackle 
with the soundness property verification, i.e. that for 
any case, the process termination is ensured and no 
anomaly is occurred (no dangling references, no 

deadlocks and no livelocks). At least three good 
reasons for choosing and using Petri nets as a 
workflow language [3]: formal semantics despite the 
graphical nature, state-based instead of (just) event-
based and variety of analysis techniques. This results 
in a model called workflow nets (WF-nets) 
introduced in [3].  
 
In this paper, we deal with two key issues in 
workflow verification. The first concerns the 
soundness property while abstracting from resources 
needed for the execution of activities. The second 
deals with the influence of resources needed for the 
system to work, more precisely we have to make sure 
that resource sharing is going correctly and that 
soundness property is preserved. This leads us to the 
strengthening of analysis methods to be used in jPnet 
tool presented in [13]. This work extends and 
generalizes the results described in [1,7,10].  
 
In [1], the authors exploit three basic Petri nets 
structural characterizations for the soundness 
verification of workflow: free-choice nets, well-
structured nets and S-coverable nets. They suggest 
that S-coverability is a required property any 
workflow should satisfy. The results presented in [1] 
help designers to construct correct workflows. 
However, the WF-nets treated are simple compared 
to the workflow patterns encountered in practice.  
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In [7], the authors introduce first the notion of 
structural soundness by using the CS-property [8]. In 
the general case, the cs-property guarantees the 
absence of deadlock apart from the final marking, but 
the soundness is not ensured. The authors characterize 
some sub-classes of WF-nets, namely Circuit Free WF-
nets, where they establish equivalence between the CS-
property and the soundness property. They give an 
extension of WF-nets by taking into account shared 
resources needed for the execution of activities and 
show how soundness property can be proved 
structurally and efficiently.  
 
To achieve our goals, we begin with mentioning some 
results on the soundness characterization of workflows 
and the influence of resources constraints. Then, we 
revisit and clarify the constructs which may endanger 
the correctness of a workflow and establish new and 
efficient structural and generalized soundness 
characterizations based on recent results [5]. Finally, 
we deal with the influence of resources constraints on 
workflow soundness and provide necessary and 
sufficient structural conditions preserving the 
soundness property and more operational compared to 
those described in [10]. 

 
 

2. Basics of Petri nets 
 
This section gives basic definitions and notations of 
Petri nets and main results of their structure theory 
used in this work. 
 
2.1 Place/Transition Nets 
Place/Transition nets is the standard class of Petri nets. 
 
Definition 1. A Petri net is a tuple ),,,( WFTPN =  
where: 
1. φ≠P  is a finite set of node places; 
2. φ≠T  is a finite set of node transitions; 
3. PTTPF ×∪×⊆  is the flow relation; 
4. →FW :  ]),(0),([ FyxyxW ∉⇔=∧ is the 

weight function. 
 
If FuuW ∈∀= 1)(  then N is said to be ordinary net 
and it is denoted by ),,( FTPN = . 
 
Definition 2. A marking of a Petri net N   is a function 

Ν→PM : . The initial marking of N  is denoted by 
0M .   

 
Notation 1. 
 

{ }FxyTPyxTPx ∈∪∈=∪∈∀ • ),(,  

{ }FyxTPyx ∈∪∈=• ),(  
),(),(),(:),( tpWptWtpCTPtp −=×∈∀ . 

 

Definition 3. A transition Tt ∈  is enabled in a 
marking M  (denoted by tM [  if and only if  

),()(: tpWpMtp ≥∈∀ • . 
If transition t is enabled in marking M , it can be 
fired, leading to a new marking M ′  such that:  

),()()(: tpCpMpMPp +=′∈∀ .  
Where C  is the matrix indexed by TP×  and 
defined by ),(),(),( tpWptWtpC −= . It is called 
the incidence matrix of the net.  
The firing is denoted by MtM ′[ .  
The set of all markings reachable from a marking M  
is denoted by M[ .   
 
Definition 4. Let N  be a Petri net and 0M  its initial 
marking.  
1. a marking hM  is a home state if and only if  

MMMM h [,[ 0 ∈∈∀ ;  

2. ),( 0MN  is reversible 0M⇔  is a home state;  
3. ),( 0MN  is bounded ⇔  

∈∃∈∀ kPp [: :

00 [])(,[ MkpMMM ⇔≤∈∀  is finite;  

4. ),( 0MN  is quasi-live ⇔   

 tMMMTt [,[: 0∈∃∈∀ ;  

5. ),( 0MN  is deadlock-free ⇔  

tMTtMM [,:[ 0 ∈∃∈∀ ;  

6. ),( 0MN  is live ⇔  

][,[:[[: 0 tMMMMMTt ′∈′∃∈∀∈∀ ;  

7. ),( 0MN  is structurally live ⇔  

),([ 00 MNM∃ is live].  
 
Definition 5. Let N  be a Petri net. An integer vector 

0, ≠ff , indexed by )( PZfP ∈  is a P-invariant 
iff it satisfies 0. =Cft .  
An integer vector 0, ≠gg , indexed by ∈gT ( T) is 
a T-invariant iff it satisfies 0. =gC .  

{ }0)( ≠∈= pfPpf  is called the support of f .  

We denote by { }0)( >∈=+ pfPpf  

and by { }0)( <∈=− pfPpf .  
N  is said to be conservative iff there exists a P-
invariant f  such that Pff == +

. 
If N  is conservative then N  is structurally bounded 
(i.e. bounded for all 0M ).  
 
Definition 6. Let ),,,( WFTPN =  be a Petri net. 
N  is S-coverable if and only if  
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SS PpPPPp ∈⊆∃∈∀ :,  and the net induced by  

),( SSS PPP ••∪  is a strongly connected state machine.  
  
2.2 Controlled Siphon property 
Liveness is an important behavioral property of nets. It 
corresponds to the absence of global or local deadlock 
situations. The liveness of a Petri net is closely related 
to the satisfying of some predicates on siphons. A 
siphon is a subset of places once insufficiently marked 
will never again get new tokens. A siphon is said to be 
controlled if for each reachable marking the siphon 
remains sufficiently marked.  
We highlight here some basic definitions and 
propositions related to siphons.  
 
Let ),( 0MN  be a TP /  system.  
 
Definition 7. A nonempty set PS ⊆  is called a 
siphon if and only if •• ⊆ SS . S  is said minimal if 
and only if it contains no other siphon as a proper 
subset.  
 
We denote by  
   ),(maxmax tpW

ptp •• ∈
=  

   ),(minmin ptW
ptp •• ∈

=  

 
place p is said to be non-blocking if •• ≥

pp
maxmin .  

In the following, we consider TP /  nets with 
homogeneous valuation  

)(),(),(,,, pWtpWtpWpttPp =′=∈′∀∈∀ •  
 
Definition 8. Let S  be a siphon of ),( 0MN , S  is 
said to be controlled if and only if S  is marked at any 
reachable marking i.e.  

)()(,[ 0 pWpMSpMM ≥∈∃∈∀ .   
 
Definition 9. ),( 0MN  is said to be satisfying the 
controlled-siphon property (CS-property) if and only if 
all minimal siphons of ),( 0MN  are controlled.  
 
In order to check the CS-property, two main structural 
conditions (sufficient but not necessary) permitting to 
determine whether a given siphon is controlled are 
developed in [8]. These conditions are recalled below.  
 
Proposition 1. Let S be a siphon of ),( 0MN . If one 
of the two following conditions holds, then S  is 
controlled:  
1. SR ⊆∃ such that RR ••⊆ , R is marked at 0M  

and all places of R  are non-blocking (siphon S  is 
said to be containing a marked trap R ).  

2. ∃  a P-invariant PZf ∈  such that fS ⊆  and 

SfpWSfp ⊆=∩∈∀ +− ,1)(),( , and 

[ ] [ ]∑∑ ∈
−>

Spp
pWpfpMpf )1)().(()()( 0 .  

 
A siphon controlled by the first (resp. second) mean 
is said to be trap controlled (resp. invariant 
controlled).  
 
In the case where every minimal siphon is trap 
controlled, CS-property is called commoner’s 
property.  
 
Let N be a [Trial mode] net, if every siphon of [Trial 
mode] is either trap-controlled or invariant-
controlled, N is said to be satisfying IT-CS property.  
 
Finally, we recall two well-known basic relations 
between liveness and the CS-property [8]. The first 
states that the CS-property is a sufficient deadlock-
freeness condition, the second states that the CS-
property is a necessary liveness condition. 
  
Proposition 2. Let ),( 0MN  be a TP /  System. The 
following property holds: ),( 0MN  satisfies the CS-
property ),( 0MN⇒  is weakly live (deadlock-free).  
 
Proposition 3. Let ),( 0MN  be a TP /  System. The 
following property holds: ),( 0MN  is live 

),( 0MN⇒  satisfies the CS-property.  
 
Hence, for TP /  systems where the CS-property is a 
sufficient liveness condition, there is an equivalence 
between liveness and CS-property. 

 
 

3. Workflow nets 
 
A Place/Transition net which models the control-flow 
dimension of a workflow, is called a workflow net 
(WF-net). Clearly, a WF-net can be used to specify 
the routing of cases. Tasks are modelled by 
transitions and causal dependencies are modelled by 
places and arcs.  
 
Originally, WF-nets introduced in [3] were intended 
to model the execution of a single case i.e. the initial 
marking of N  consists of a single token on the 
source place. Here we consider WF-nets modelling 
the processing of k  cases ( ∈k ), i.e. initial 
marking of N  consists of k  tokens on the source 
place [7].  
 
Definition 10. A Petri net ),,,( WFTPN =  is 
called a workflow net (WF-net) if and only if:  
1. N  has one source place i  (i.e. φ=•i ) called 

initial place.  



 54 International Journal of Computing & Information Sciences                         Vol. 4, No.1, April 2007, On-Line 

2. N  has one sink place f  (i.e. φ=•f ) called final 
place.  

3. for every node TPn ∪∈ , there exists a path from 
i  to n  and a path from n  to f .  

 
The so-called soundness property of workflow as first 
introduced in [3] is defined as follows: For any case, 
the procedure will terminate eventually and the 
moment the procedure terminates there is a token in 
place o and all the other places are empty. Moreover, 
there should be no dead tasks, i.e., it should be possible 
to execute an arbitrary task by following the 
appropriate route though the WF-net.  
 
In our case, we focus on an important consistency 
property called k-soundness. It means the proper 
termination of the k-cases execution and the lack of 
tasks or conditions which do not contribute to the 
processing of cases.  
 
We denote by initial and final markings respectively 
the markings ik.  and fk.  ( ∈k ).  
 
Definition 11. A WF-net ),,( FTPN =  is k-sound (or 
structurally sound) if and only if:  
1. For every state M reachable from initial marking, 

there exists a firing sequence leading from state M 
to final marking.  
Formally: MfkikM [.,.[ ∈∈∀  ; 

2. Final state is the only state reachable from initial 
state with at least k tokens in place f.  
Formally: fkMkfMikM .)(:.[ =⇒≥∈∀  ; 

3. There are no dead transitions in ).,( ikN .  
Formally: tMikMTt [:.[, ∈∃∈∀ .  

 
k-soundness (or structural soundness) is a natural 
extension of 1-soundness [3] and was proved decidable 
in [7,14]. It gives rise to the concept of generalized 
soundness meaning k-soundness for all 1≥k .  
 
Definition 12. N is sound (or generalized sound) if and 
only if it is k-sound for all ∈k , 0>k .   
 
Generalized soundness is proved decidable in [11].  
 
4. WF-nets Soundness verification 
 
In this main section, using structural methods for the 
analysis of Petri nets, we deal first with the k-
soundness property: "Given a WF-net ),,( FTPN = , 
we want to decide structurally whether N is k-sound" 
and investigate relationship between 1-soundness and 
soundness.  
 
Let us recall some basic and important results related to 
k-soundness property and its verification.  
 

Definition 13. Closure of WF-net. Let N be a WF-
net, we denote by ),,,( **** WFTPN =  the P/T net 
obtained from N by adding transition *t  and defined 
as follows:  
   PP =*  , 
   { }** tTT ∪= , 
   { }),(),,( *** ittfFF ∪= , 
   1)( =uW  if Fu∈ ,   
   ki),W(t)tW(f, ** == . 
 

*N  is called the closure of the WF-net N and *t  the 
closing transition. By (3) of definition 11, *N  is 
strongly connected. It is proved that k-soundness 
property can be reduced to liveness and boundedness 
of *N .   
 
Theorem 1. A WF-net N is k-sound if and only if 

).,( * ikN  is live and bounded (i.e. *N  is well-
formed).   
 
Proof: given in [3] for 1=k  and in [7] for all 0>k .  
 
Proposition 4. Let N be a WF-net. If N is k-sound 
then ).,( * ikN  is bounded and satisfies the CS-
property.  
  
Proof: Follows directly from proposition 3 and 
theorem 1. 
  
To be useful in practice, we have to relate this 
general result to structural conditions ensuring 
equivalence between CS-property and liveness.  
 
In this direction, a first result was established in [1], 
some subclasses of P/T nets for which commoner’s 
property is a necessary and sufficient liveness 
condition: Free Choice (FC) nets [6] and Ensec nets 
[4]). For these two subclasses, well-formedness 
(liveness and boundedness) implies not only S-
coverability but also conservativeness and each 
minimal siphon is a trap and its induced subnet is a 
strongly connected state machine.  
 
An immediate consequence of theorem 1 is:  
 
Corollary 1. Let N be a WF-net such that *N  is 
Free-Choice or an Ensec net. N is k-sound if and only 
if ).,( * ikN  is conservative and satisfies commoner’s 
property.   
 
Example: Let us consider the WF-net N of Figure 1.  
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Figure 1. A not sound WF-net 

 
*N  is a FC net satisfying the commoner’s property 

( *N  is live) but it is not conservative (it contains a 
minimal siphon which is not a trap), therefore by 
corollary 1, *N  cannot be k-sound [11,14]. 
 
For these two subclasses efficient analysis techniques 
exist yielding to the following result:  
 
Corollary 2. Let N be a WF-net such that *N  is a FC 
net or an Ensec net then k-soundness problem can be 
decided in polynomial time.   
 
Proof: By corollary 1, k-soundness problem is reduced 
to the problem of deciding whether ).,( * ikN  is 
conservative and satisfies commoner’s property. This 
can be solved in polynomial time using structural and 
parameterized algorithms developed in [4,6,9,12].  
 
The main interest of these two subclasses of WF-nets is 
that one can model the basic building blocks enacted 
by most WFMS’s to specify workflow procedures.  
 
In order to avoid the introduction of infinite loop, 
another subclass of Wf-nets namely circuit free WF-
nets (CFWF-nets) was introduced in [7].  
 
Definition 14. Let N be a WF-net. N is a Circuit Free 
WF-net (CFWF-net) if N has no circuit.   
 
Using the concept of norm function, the following 
result is established in [7].  
 
Corollary 3. Let N be a CFWF-net. N is k-sound if and 
only if ).,( * ikN  is bounded, quasi-live and satisfies 
commoner’s property.   
 
Due to the particular initial marking of workflow nets 
where only source place is marked and due to the 
strong connectivity of *N , we deduce the following 
basic structural soundness requirements.  
 
Proposition 5. Let N be a k-sound WF-net, then the 
following holds:  
1. all siphons of *N  contain source place i (and final 

place f since { }*ti =•  and { }ft =• * ) 
2. all traps of *N  contain final place f (and source 

place i since { }*tf =•  and {}it =
•* ) 

 
Proof:  
1. Otherwise, *N  contains initially an unmarked 

siphon S, CS-property is not satisfied, therefore, 
N cannot be k-sound.  

2. Assume that *N  contains initially an unmarked 
trap T, since N is sound, property (3) of definition 
11 ensures the existence of a reachable marking 
M on which T is marked, and therefore property 
(1) of same definition cannot be satisfied: 
contradiction with k-soundness hypothesis.  

 
Proposition 6. Let N be a WF-net and S a siphon of 

*N . If S satisfies one of the two following properties:  
1. SR∈∃ such that: RR ••⊆ (S contains a trap R).  

2. ∃ a P-invariant I such that SIIS ⊆⊆ +, . 
then S is controlled for all 0>k .  

 
Proof:  
1. Let S be siphon in *N  containing a trap. As 

source place i is included in S, S is trap controlled 
as soon as 0>k .  

2. Let S be a siphon in *N  and let I be a P-invariant 
such that IS ⊆ , and SI ⊆+

. As source 
place i is included in S, the initial marking 
condition ((2) of proposition 1) is satisfied for all 

0>k , therefore, S is invariant controlled for all 
0>k .  

 
It is interesting to note that these structural 
requirements imply soundness monotonicity with 
respect to initial marking of source place i and can 
ensure generalized soundness property for large class 
of workflow nets.  
 
An immediate consequence of this last result is the 
following:  
 
Corollary 4. Let N be a WF-net such that *N  is FC 
or Ensec net. If N is 1-sound then N is (generalized) 
sound.   
 
Proof: Let N be a such WF-net.  
By corollary 1, 1-soundness implies that every 
minimal siphon is a monomarked trap. By 
proposition 6 (1), N is k-sound for all ∈k  and 
therefore N is sound.  
 
Corollary 5. Let N be a WF-net: if N is an extended 
free choice net or an Ensec net then generalized 
soundness problem can be decided in polynomial 
time.   
 
Proof: Same as corollary 2.  
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In practice, it is possible to meet sound WF-nets which 
are neither free-choice nor Ensec nets. In [1], it is 
suggested that S-coverabilty of *N  is one of the basic 
structural soundness requirement any workflow net 
should satisfy. In order to extend and generalize the 
previous structural characterizations of soundness, we 
focus here on the relationship between soundness and 
CS-property rather than on S-coverability, which 
cannot be considered as a basic requirement for 
siphon’s control.  
 
Our investigation based on recent advances of structure 
theory of Petri nets yields us to identify two new 
subclasses of WF-nets namely OWF-nets and KWF-
nets allowing the modelling of complex 
synchronization and routing constructs of practical 
need and for which soundness can be structurally 
characterized and solved effectively.  
 
4.1 Ordered Workflow nets 
 
Definition 15. Let ),,,( WFTPN =  be a TP /  net, 

•∈∈ rtPr , . r is said to be a root place for t if and 
only if tppr ••• ∈∀⊆ , .   
 
Definition 16. Let N be a TP /  net and t be a 
transition of T. t is said to be an ordered transition if 
and only if ••• ⊆∈∀ qptqp ,,  or •• ⊆ pq .   
 
Definition 17. Let N be a TP /  net. N is said to be an 
ordered TP /  system if and only if all its transitions 
are ordered.   
 
Theorem 2. Let ),( 0MN  be an ordered TP /  system. 
The two following statements are equivalent:  
1. ),( 0MN  satisfies the CS-property,  
2. ),( 0MN is live.  
 
This last result established in [8] highlights the 
structural and behavioral unity between subclasses of 
ordered TP /  systems (not necessarily bounded) 
asymmetric choice systems (AC), Join Free (JF) 
systems, Equal Conflict (EC) systems, and Extended 
Free Choice (EFC) nets. Moreover, for all these 
subclasses, except AC nets, the CS-property is reduced 
to the Commoner’s property and liveness monotonicity 
[8] holds.  
 
Definition 18. Let N be a WF-net. N is called an 
Ordered WF-net (OWF-net) if and only if N is an 
ordered net ( *N  is also an ordered net).   
  
The class of OWF-nets contains strictly the FC-WF-
nets. We extend the results related to FC and Ensec 
nets to OWF-nets.  
 

Corollary 6. Let N be an OWF-net, N is k-sound if 
and only if *N  is bounded and satisfies CS-property.   
 
Proof: As immediate consequence of theorem 2, and 
theorem 1.  
 
Corollary 7. Let N be a WF-net such that *N  is a 
conservative OWF-net satisfying IT-CS property, 
then 1-soundness implies generalized soundness.   
 
Proof: Conservativeness hypothesis ensures 
structural boundedness, and by proposition 6, CS-
property is preserved for all 0>k .  
 
Example: Consider the WF-net N of Figure 2. *N  is 
an ordered net (N is neither free choice WF-net nor 
an Ensec-net, it is an AC net) satisfying IT-CS 
property (each minimal siphon of *N  is also a trap) 
therefore N is (generalized) sound.  
 

 
Figure 2. A sound OWF-net 

 
4.2 K-Workflow nets 
 
K-systems introduced in [5] can be viewed as the 
large class of nets for which the equivalence between 
CS-property, deadlock-freeness and liveness holds.  
 
Definition 19. Let ),( 0MN  be a TP /  system. A 

reachable marking 0
* [MM ∈   is said to be stable 

iff tTt ,∈∀  is either live or dead for *M . Hence, T 
is partitioned into two subsets )( *MTD  and 

)( *MTL , where all transitions of )( *MTL  are live 
and all transitions of )( *MTD  are dead.   
 
Definition 20.  Let ),( 0MN  be a TP /  system. 

),( 0MN  is a K-system iff for all stable marking 

TMTM D =)(, **  or TTL = .  
The above property is called the K-property.   
 
Definition 21.  Let N be a WF-net such that *N  is a 
K-system, then N is called a K-Workflow-net (KWF-
net).   
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Theorem 3. Let N be a KWF-net. N is sound if and 
only if *N  is bounded and satisfies the CS-property.   
 
Proof: According to the equivalence between liveness 
and CS-property for K-systems [5] and theorem 1.  
 
Corollary 8. For all a conservative KWF-net satisfying 
IT-CS property, 1-soundness implies generalized 
soundness.   
 
Proof: Same as corollary 7.  
 
The definition of KWF-nets is a behavioral one; we 
give two subclasses of KWF-nets namely Root WF-
nets and Closure Consistent WF-nets for which the 
membership in the class of K-systems can be 
structurally and effectively done. 
  
Definition 22. Let ),,,( WFTPN =  be a TP /  net. N 
is a Root net if and only if ∃∈∀ ,Tt  a place Pr∈  
which is a root for t. 
 
Definition 23. Let N be a Root net and RootN be the set 
of its root places. The Root Component of N is the net  

),,,( **** WFTRootN N=  defined as follows:  

1. TRootT N == •* ,  

2. )))()((( ***
NN RootTTRootFF ×∪×∩⊆ , s.t. 

*),( Ftp ∈ iff Ftp ∈),(  and p is a root place for 
t, and *),( Fpt ∈  iff Fpt ∈),( .  

3. W is the restriction of V on *F .  
 
Definition 24. Let N be a WF-net. N is called a Root 
WF-net if and only if *N  is Root net and its Root 
component is bounded and strongly connected.   
 
Definition 25. Let N be a WF-net. N is called a Closure 
Consistent WF-net (CCWF-net) if and only if  
∀T-invariant g of gtN ⊆** , .   
 
Theorem 4. Let N be a Root WF-net or a CCWF-net, 
N is k-sound if and only if *N  is bounded and satisfies 
the CS-property.   
 
Proof: ).,( * ikN is a bounded K-system satisfying the 
CS-property, therefore *N  is bounded and live. By 
theorem 1, this corresponds to k-soundness. 
  
The subclass of Root WF-nets contains strictly the FC-
WF nets (Root component of *N  coincides with *N ). 
and the subclass of CCWF-nets contains strictly CF-
WF-nets (circuit freeness in N is a sufficient but not 
necessary condition for membership in CCWF-nets).  
 
There is no inclusion relation between Root WF-nets 
and CCWF-nets. For example, the Root net of Figure 3 

is not a CCWF-net and the CCWF-net of Figure 4 is 
not a Root WF-net.  
 
Corollary 9. For conservative Root WF-nets and 
CCWF-nets satisfying IT-CS property: 
1-soundness implies generalized soundness   
 
Proof: Can be proved analogously to corollary 7.  
 
An example of Root WF-net is shown in Figure 3.  

 
Figure 3. A sound root WF-net (not S-coverable) 

 
The WF-net N of Figure 3 is a Root WF-net (not 
CCWF-net). *N  is Root net and its Root component 

),( 52
* ppN −  is strongly connected. *N is 

conservative but not S-coverable and satisfies the IT-
CS property: therefore N is generalized sound (sound 
for all 0>k ).  
 

*N  contains five minimal siphons controlled as soon 
as 0>k :  

fpppppiS ,,,,,, 985311 = ;  
fpppppiS ,,,,,, 986312 = ;  
fpppppiS ,,,,,, 987413 = ;  

fppppiS ,,,,, 98524 =  and  
fppppiS ,,,,, 98425 = .  

 
The four siphons 4321 ,,, SSSS  are also traps and 5S  
which is not a trap is controlled by the invariant 

342 pfppi −+++ .  
 
One could remark that if we consider initial marking 

3pi +  (forbidden in workflow context where only 
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source place i can be initially marked) then siphon 5S  

becomes non controlled and *N  is not live: the 
deadlock state 651 ppp ++  is reachable.  
 
Figure 4 shows an example of CCWF-net.  
 

 
Figure 4. A sound CTWF-net 

 
The CCWF-net N of Figure 4 is not Root WF-net. *N  
is conservative and satisfies the IT-CS property (its two 
minimal siphons 1S  and 2S  are trap (or invariant) 
controlled as soon as 0>k , therefore N is generalized 
sound. 
 
 
5. Soundness verification under 

resource allocation constraints 
 
In previous section, we considered the soundness while 
abstracting from the allocation of (shared) resources 
needed for the execution of tasks. Here, we cope with 
the influence of these resources on soundness and 
precise necessary and/or sufficient structural conditions 
ensuring its preservation [7], [10].  
 
To model properly the resource information in the 
initial model, only resource places (one place per type 
of resource) will be added. Indeed, it is assumed that 
WF-nets specify the handling of tasks (transitions).  
 
Thus, it is important to note that the obtained extended 
model called WFR-net only limits the behavior of the 
initial WF-net.  
 
Moreover the considered resources are durable. A 
requested resource will eventually be released and a 
resource released has previously been requested. Thus 
resources have to be preserved, along the execution 
process (neither creation nor destruction). Available 
Resources become part of case tokens when they are 
used. Once all cases are completed i.e. the final 
marking of the underlying WF-net is reached and all 
resources are released (become free). Hence, if we 
denote by Rki +  the initial marking of the WFR 
model (where R is the initial marking of resources 
places), its proper termination corresponds to final 
marking: ∈+ kRkf ( ). 
  
According to the previous requirements, we define the 
WFR-net as follows:  
 
 

Definition 26. A WFR-net is a tuple  
),,,( RRR WWFFTPPN ∪∪∪= where:  

1. ),,,( WFTPN w =  is a bounded WF-net.  
2. φφ =∩∧≠ RR PPP  ( RP  is the set of 

resources)  
3. )()( RRR PTTPF ×∪×⊆ (flow relation for 

resources)  
4. 1)(, ≥∈∀ uWFu RR  (resource use)  
5. { }rPICIIPr Rrr

t
rR =∩∧=≥∃∈∀ 0.:0,  

(resource preservation)  
 
By associating a place invariant to each resource as 
specified in (5) of the above WFR-net definition, the 
resource preservation along execution process is 
ensured.  
 
One can note that in WFR model, several resources 
can be requested/released at a same time and subnets 
induced by invariants are not necessarily state 
machines. 
 

5.1 WFR-soundness 

As a first step, we extend soundness to WFR-nets 
with respect to initially available resources (denoted 
by initial submarking R) [10].  
 
Definition 27. (k,R)-soundness. Let N be a WFR-net. 
N is said to be (k,R)-sound if and only if  
1. For every state M reachable from initial marking 

ki+R, there exists a firing sequence leading from 
state M to final marking ki+R.  
Formally: MRkfRkiM [,[ ∈++∈∀ . 

2. Final state is the only state reachable from initial 
state with at least k tokens in place f. Formally: 

RkfMkfMRkiM +=⇒≥+∈∀ )(:[ .  
3. There are no dead transitions in (N,ki+R).  

Formally: tMRkiMTt [:[, +∈∃∈∀ .  
 

Due to the invariant requirement (5) in the definition 
of WFR-nets, it is easy to verify that for every state 
M reachable from initial marking: RM R ≤  (where 
the submarking RM  is the projection of M on 
resource places).  
 
As additional resource places only limit the behavior 
of the underlying WF-net denoted by wN , soundness 
of wN  is a necessary soundness condition of N.  
 
Proposition 7. Let N be a WFR-net.  
If N is (k,R)-sound then wN  is k-sound.   
 
Proof: By definition of (k,R)-soundness, we can 
ensure that *

wN  is quasi-live and k.i is a home state, 
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therefore, *
wN  is bounded and live which means that  

wN  is k-sound.  
 
In the following, we denote by **N  the net obtained 
from WFR-net by substituting wN  by its closure *

wN . 
  
Theorem 5. (k,R)-soundness. Let N be a WFR-net. N 
is (k,R)-sound iff **N  is live and bounded.   
 
Proof:  
(⇒ ) Let us assume that ),( RkiN +  is sound. We first 
prove that ),( ** RkiN +   is bounded.  
Suppose that N is not bounded. Then 

12121 ,[:[ MMMMRkiM >∈∃+∈∃ .  

As ),( RkiN +  is sound, we know by definition 27.(1) 
that there exists a sequence of transitions 

RkfMT +∈ σσ [: 1
* .  

Thus RkfMMMM +>∃ :[, 2 σ .  
This contradicts the soundness hypothesis 
(definition 27.(2)).  
Thus ),( RkiN +  is bounded and therefore  

),( ** RkiN +  is bounded.  
 
We prove now that ),( ** RkiN +  is live.  
As ),( RkiN +  is sound, from definition 27.(1)  

MRkfRkiM [:[ ∈++∈∀ .  

Then, by firing *t , we obtain:  
MRkiRkiM [:[ ∈++∈∀ , i.e. Rki + is a home 

state of ),( ** RkiN + . Using definition 27.(3), we 
conclude that all transitions are quasi-live and thus  

),( ** RkiN +  is live.  
 
( ⇐ ) Let us suppose that ),( ** RkiN +  is live and 
bounded.  
Thus, kfMMMRkiM ≥′∈′∃+∈∀ )(,[:[ .  

Let us suppose that MkfM ′′+=′ ,  

If RM ≠′′ , then MiktM ′′+′ .[ * , which contradicts 

the boundedness hypothesis of *
wN . Therefore  

RkfM +=′ and conditions (1) and (2) of 
definition  27 are satisfied. Finally, the condition (3) is 
guaranteed by liveness.  
 
Corollary 10. Let N be a WFR-net. If N is (k,R)-sound 
then ),( ** RkiN +  is bounded and satisfies the CS-
property.   
 
Definition 28. k-soundness. Let N be a WFR-net. N is 
said to be k-sound if and only if there exists 0R  such 
that N is (k,R)-sound for all 0RR ≥ . 

Theorem 6. Let ),( RkiN +  be a conservative 
WFR-net. If  wN  is k-sound then there exists 0R  
such that for all 0RR ≥ , N satisfies the CS-property.   
 
Proof: wN  is k-sound, so we only have to show that  

0R∃  such that any siphon in the WFR-net containing 
at least one resource place can be controlled as soon 
as 0RR ≥ .  
Let us consider such a siphon S which is not 
controlled. We denote by )(rI  the minimal P-
invariant associated to resource r, and by f(p) the 
minimal P-invariant associated to wNp∈  (f(p) 
exists since N is conservative).  
Let  ∑ ∈

=
SrS rII )(  

SISOut =)( \S 

∑ ∈
=

)(
)(

SOutpS pfH  

))((max )( pI SHSOutpS S∩∈=λ  

SSSS HIZ .λ−=  
 
One can always find 0R  such that the following 
condition is satisfied:  

∑ ∈
−> •Sp pSS

t pZMZ ))1max).((. 0  

Therefore 0RR >∀ : S is invariant controlled.  
 
Definition 29. Soundness. Let N be a WFR-net. N is 
said to be sound if and only if there exists 0R  such 
that N is (k,R)-sound for all 0, RRk ≥ .   
 
Corollary 11. Let N be a conservative WFR-net. If N 
is sound then wN  is sound.   
 
Now, using structural soundness characterizations 
established previously, we derive some classes of 
WFR-nets for which necessary and sufficient 
structural soundness condition can be obtained and 
decided effectively.  
 
Definition 30. Let N be a WFR-net. N is called an 
OWFR-net if and only if  **N  is an ordered net.  
 
Definition 31. Let N be a WFR-net. N is called a 
Root WFR-net if and only if **N  is a Root net and 
its Root component is bounded and strongly 
connected.  
 
Theorem 7. Let N be an OWFR-net or a Root WFR-
net. N is k-sound if and only if **N  is bounded and 
satisfies the CS-property.   
 
Proof: Follows directly from theorem 5 and the 
equivalence between CS-property and liveness for 
ordered systems and K-systems.  
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